In this paper, we characterize the restrained convex dominating sets in the corona, lexicographic and Cartesian products of two connected graphs and then determine the corresponding restrained convex domination numbers of these graphs.
Introduction
Let G = (V (G), E(G)) be a connected simple graph and v ∈ V (G) S is convex if I[x, y] ⊆ S for any x, y ∈ S, i.e., I G [S] = S. A dominating set S which is also convex is called a convex dominating set of G. The convex domination number γ con (G) of G is the smallest cardinality of a convex dominating set of G.
The closed neighborhood of S is N G [S] = N [S] = S ∪ N (S). A subset S of V (G) is a dominating set of G if for every v ∈ (V (G)\S), there exists x ∈ S such that xv ∈ E(G), i.e., N [S] = V (G). The domination number γ(G)
The minimum cardinality of a restrained convex dominating set of G, denoted by γ rcon (G), is called the restrained convex domination number of G.
Convexity in graphs has been discussed and studied in [1, 2, 3, 5] . On the other hand, domination and convex domination in graphs has been studied in [4, 6, 7, 8] .
Results
Let G and H be graphs of order m and n, respectively. The corona of two graphs G and H is the graph G • H obtained by taking one copy of G and m copies of H, and then joining the ith vertex of G to every vertex of the ith copy of H. 
has no isolated vertices. If follows that H v has no isolated vertices for each v ∈ V (G). Thus, H has no isolated vertices.
For the converse, suppose that H is a graph without isolated vertices. Then each H v has no isolated vertices. Therefore
has no isolated vertices. Thus, V (G) is a restrained convex dominating set of
The next result follows from Theorem 2.1.
Corollary 2.2 Let G be a connected graph and H any graph without isolated vertices. Then
γ rcon (G • H) = |V (G)|.
The lexicographic product G[H] of two graphs G and H is the graph with
V (G[H]) = V (G) × V (H) and (u, u )(v, v ) ∈ E
(G[H]) if and only if either uv ∈ E(G) or u = v and u v ∈ E(H).
The next result is obtained in [4] and characterizes the dominating sets in the lexicographic product
Theorem 2.3 [4]Let G be a connected graph and n ≥ 2. Then a subset
Note that a corollary of Theorem 2.3 given in [4] and its proof contain some errors. We now make a rectification of such a result.
Corollary 2.4 Let G be a connected graph and n
Proof : Suppose that C is a restrained convex dominating set in
Since C is a restrained dominating set and (y, a) / ∈ C, there exists (
For the converse, suppose that properties (i), (ii), and (iii) hold. Then C is a convex dominating set in
Consider the following cases:
Corollary 2.6 Let G be a connected graph and n ≥ 2. Then
Proof : This follows from the fact that
The lower bound in Corollary 2.6 is tight as the following result shows.
Labendia and Canoy in [7] characterized the convex dominating sets in the lexicographic products G[H] of connected non-complete graphs G and H. For the converse, suppose that S is a clique dominating set in G and T x is a clique in H for each x ∈ S. Then by Theorem 2.
Theorem 2.8 [7] Let G and H be non-complete connected graphs with
γ cl (G) ≥ 2. A subset C = x∈S ({x} × T x ) of V (G[H]
) is a convex dominating set in G[H] if and only if S is a clique dominating set in G and T x is a clique in H for each x ∈ S.

Theorem 2.9 Let G and H be non-complete connected graphs with
Consider the following cases: Case 1. Suppose that x ∈ S. Since S is a clique and |S| ≥ 2, there exists y ∈ S such that xy ∈ E(G). Since T y is a clique and H is non-complete,
Since G is a non-complete connected graph, there exists
Corollary 2.10 Let G and H be non-complete connected graphs with
The Cartesian product of two graphs G and H is the graph G H with vertex-set V (G H) = V (G) × V (H) and edge-set E(G H) satisfying the following conditions: (x, a)(y, b) ∈ E(G H) if and only if either xy ∈ E(G) and a = b or x = y and ab ∈ E(H).
Labendia and Canoy in [7] also characterized the convex dominating sets in the Cartesian product G H of connected non-complete graphs G and H, and then determined its convex domination number. Proof : Suppose that C is a restrained convex dominating set in G H. By Theorem 2.11, C = C 1 × C 2 and either C 1 is a convex dominating set in G and C 2 = V (H) or C 1 = V (G) and C 2 is a convex dominating set in H.
For the converse, suppose C = C 1 × C 2 and (i) holds. Then C is a convex dominating set in G H by Theorem 2.11. Next, let (x, a) / ∈ C. Then x / ∈ C 1 . Since H is a connected non-trivial graph, there exists b ∈ V (H) such that ab ∈ E(H). Hence, (x, b) / ∈ C and (x, a)(x, b) ∈ E(G H). Therefore C is a restrained convex dominating set in G H. The same conclusion holds if (ii) holds.
The next result is a consequence of Theorem 2.13 and Corollary 2.12.
Corollary 2.14 Let G and H be connected non-trivial graphs of orders m and n respectively. Then γ rcon (G H) = γ con (G H) = min{mγ con (H), nγ con (G)}.
